Simulation methods allow the possibility of overcoming some of the deficiencies of analytical models. In a recent work, we have developed a numerical model (the details of which are published elsewhere 7 ) that considers the actual microstructure of a superalloy and uses accurate descriptions of dislocation behavior to predict the critical resolved shear stress for a given microstructure. This numerical model captures the physics of the problem accurately (for cutting via single APB-coupled dislocation pairs and bowing-assisted cutting), but is computationally expensive. In this work, we present an approach that uses the numerical discrete dislocation (DD) model to build a fast spreadsheet model that may be of industrial use.
Introduction
The nickel-based superalloys are a metallurgical marvel and have benefited from several decades of evolutionary changes. It is generally agreed by metallurgists that even in this class of the most evolved and complex alloys, the mechanical behavior is dictated almost entirely by the microstructure and chemistry of the phases. However it is also generally agreed that the ability to predict mechanical behavior poses great difficulties even when the microstructure and chemistry are well characterized in a given alloy. Of the various mechanical properties of design interest, the yield strength is likely the easiest to predict. There have been published works in which semi-empirical models were built using data from well-designed experiments with reasonable success. (see for example, Schirra 1 ) However for alloy design, and for studying effects of a wider range of variables, physics-based models are desired. The present work is an attempt at such a model. We begin with a brief description of the status of physicsbased models, to bring out the novelty of the present work.
The paper is organized as follows. We start with a description of the microstructure as represented in the model, and a brief overview of the approach used to derive the spreadsheet model. We then present elements of this derivation, which include the numerical DD model. Next the results of a parametric study conducted using the physics-based numerical model is presented. The predicted dependence of the yield strength of superalloys on various microstrucutral parameters is shown. Finally the derivation of the spreadsheet model from these parametric studies is presented; the predictions of the spreadsheet model are shown compared with experimental data.
Superalloy Microstructure Considered by the Model
The focus of this work has been on alloys for turbine disks. The superalloys used for disk applications are typically fine-grained polycrystalline materials with each grain having a fine distribution of coherent precipitates. A schematic sketch of this microstructure is shown in Figure 1 . Depending on the heat treatment, the precipitates will comprise of a mixture of primary, secondary and tertiary types. The primary ' is typically between grains of ( '), while the secondary and tertiary are precipitates Decades of metallurgical research have shown that the yield behavior of alloys is due to the passage of dislocations through the microstructure, and their interactions with internal interfaces including grain boundaries. Based on simple line tension approximations for dislocations, analytical models have been developed for predicting yield strength of superalloys, for example see Ref. [2] [3] [4] [5] [6] These models have limited range of predictive capability since they consider mechanistic processes taken one at a time and then assume additivity rules that are adhoc. Thus these models might predict reasonably well the effect of a given variable (when other variables are held constant) but their predictions when more than one variable is changed simultatneously are suspect. For example, these models consider either cutting of precipitates or bowing between precipitates, but they do not address situations where both mechanisms are operative in different regions at the same time. 2, 5, 6 In addition to such deficiencies, these models do not consider microstructural variability. within the ( ') grains, with the secondary being larger and higher in volume fraction. Polycrystalline disk superalloys could be either supersolvus treated alloys or subsolvus treated alloys. The supersolvus treated alloys have little or no large primary ' but their grain size is typically over 20 microns. The secondary ' is typically of the order of 0.2 micron, while the tertiary ' is of the order of 0.02 micron. On the other hand, the subsolvus treated alloys have typically very fine grains (<5 microns), but do have primary ' grains that are of the order of a few microns in size.
The model derived in this work assumes the following microstructural characteristics of superalloys. The superalloy can be a single crystal or polycrystal. The critical resolved shear stress of single crystals is directly computed. For polycrystals, an average grain size is used. The polycrystals may contain two different types of grains, entirely ' grains and ') grains, where refers to the Ni-based solid solution with FCC structure (termed 'matrix' in this work) and ' refers to the Ni 3 Al-based intermetallic phase (termed as 'precipitate' or ' in this work). The ' grains are referred to as primary ', while the ' in the ( ') grains are further classified into secondary and tertiary populations. In this work, both the secondary and tertiary ' precipitates are taken to be cuboidal in shape with a uniform size, but randomly located in space. The secondary ' is typically 5 to 10 times larger than the tertiary ' which are distributed uniformly in the matrix regions between the secondary ' precipitates. In the literature, one finds that the volume fractions of the three ' populations are given relative to the entire material. The simulations of ( ') grains were conducted for volume fractions defined with respect to this grain. In comparing literature data, care was taken to make the appropriate conversions.
Fast Spreadsheet Model -Approach
The purpose of this work was to present the designer with a fast spreadsheet model that relates the microstructural information and chemistry to the yield strength as a function of temperature. The objective was to retain an accurate description of the mechanistic model at dislocation level and to include all variability of microstructure, and yet convert microstructural variables and chemistry to yield strength as a function of temperature at little computational expense. The approach is shown schematically in Figure 2 .
The concept was to maintain all the physics of the model in a computationally expensive discrete dislocation dynamics simulations model, but extract its essence to derive a spreadsheet model. This extraction was done using a parametric study conducted using the numerical model. The results of this study were used for constructing analytical expressions through curve-fitting procedures. The parametric study included variable combinations that captured the effects of variable interactions. A heuristic model combined with the analytical expressions was derived to capture the interactions between the variables. This resulted in a model that predicts the room temperature critical resolved shear stress. To add the temperature effects, the variations of APB energy and friction stresses with temperature were used. Finally, a Taylor factor and Hall-Petch coefficients for the ' and ( + ') grains were used to predict yield strength of polycrystals. For all of these, data available in the literature were used to the extent possible. Thus in the final model, the only "fit" parameter turned out to be the APB energy. Even the values for APB energy is known within reasonable bounds, and the values needed to fit data were well within these bounds. Finally, the APB energy was not allowed to vary within a given composition of the alloy. Thus all heat-treatments effects are actually predicted, with no fit parameters, while the chemical effect was predicted using only one parameter, the room temperature APB energy. 
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Derivation of the Model
The steps shown in Figure 2 are detailed below in the sequence they appear in the figure.
Discrete Dislocation Simulation
The discrete dislocation model involves two steps, (1) generation of a 3-dimensional simulated microstructure and (2) simulation of a dislocation percolation through a 2-dimensional microstructure obtained by taking an octahedral (111) section of the simulated microstructure. The critical resolved shear stress is taken to be the minimum stress at which a pair of dislocations can pass through an entire microstructure. The dislocation percolation model is based on the well-established metallurgical principles of dislocation motion. The dislocations are assumed to pre-exist and their motion is modeled accurately using the method of Newton's laws of kinetic motion. The model is detailed elsewhere 7 and only the relevant details are given here.
Microstructure Generation
The glide system in both and ' is <110>{111} so a natural set of Cartesian axes is x = <110>, y = <112>, z = <111>. The precipitates were assumed to be cuboidal in shape with a uniform size, 'a'. The 3-dimensional distribution is constructed by filling a rectangular parallelepiped with cubes of side 'a', using a random number generator for spatial location of each precipitate. The cubes are oriented the same as the crystallographic unit cells for and ', i.e., their body diagonals are parallel to z (Fig.3) . Overlaps between precipitates were forbidden and precipitates were placed in the parallelepiped until the total volume fraction of precipitate reached a predetermined value. After generating the 3-dimensional microstructure of a given volume fraction, an octahedral section is taken (perpendicular to z). The intersections of this plane with the cubes are used to form a 2D image. The resultant image was a plane with a random array of equilateral triangles and irregular hexagons of varying sizes, the variations in size arising purely from randomness of the locations of the cubes. Figure 3 schematically shows the simulation procedure, along with an experimental (111) section of a ( + ') grain of an industrial superalloy disk of IN100.
Discrete Dislocation Percolation
The glide system in both and ' is <110>{111}. Since the precipitates are coherent with the matrix, a matrix dislocation can enter and cut the precipitate; however an APB is created which offers a resistance to the cutting. Alternately the dislocation can bypass by bowing between the precipitates. The objective of the simulation is to obtain the critical stress required to percolate a dislocation pair through the 2-D array of precipitates, either by cutting, bowing or a combination of the two.
The literature on TEM images of dislocations overwhelmingly favor the dislocation pair mechanism, where the first dislocation (1/2<110> in the matrix) upon entering the precipitate creates a plane of APB which is annihilated by the entrance of the second (1/2<110>) dislocation behind it. Within the precipitate the two dislocations are connected through the APB and thus the pair is a superdislocation while in '.
At the start of a simulation of glide, a pair of a/2<110> dislocations (i.e., a superdislocation when in ') is placed along one edge of the glide plane, parallel to x (a <110> direction). The dislocations are either screw or mixed (60 ) in character. Since the self-stress, rather than the line tension approximation, is used, each dislocation is formed from a large number (about 400) of straight segments, joined at nodes. At each iteration of the simulation, the force acting at every node is calculated, the node is stepped by some small distance related to the force, and the new shape of the dislocation is thereby determined. When the forces on all segments come to zero, the dislocation stops. An example of the final state of a dislocation pair subjected to a stress below the critical value for complete percolation is shown in Figure 4 . Note that the first dislocation has entered the precipitates at several locations but stopped by the APB that forms behind it. At the same time, the dislocation bows between precipitates, often enhancing the probability of entering the precipitate since it is easier to enter from the corner than from the edge. [110]
Figure 4: The final state of a dislocation pair subjected to a shear stress that is less than the critical stress for complete percolation. The higher magnification shows how the first dislocation stops after entering the precipitate.
This last point about bowing-assisted cutting is important. Clearly a planar interface will be cut only when the stress exceeds the value ( /b) for a single dislocation and 0.5( /b) for a pair. This has been verified in the current simulation. However when the interface is discontinuous with provisions for bowing between such discontinuities being allowed, the critical stress is much lower, often around 0.25( /b). Thus the actual distribution of the interfaces is an important feature to be captured in a model to calculate the true critical resolved shear stress.
The results show that among the various parameters studied, the CRSS is most influenced by the APB energy, volume fraction, and matrix friction stress. The dependencies on APB energy and precipitate size are different from analytical models, e.g., Reppich et al. 6 The volume fraction effect is as expected from analytical models. The effects of matrix and precipitate friction stresses are shown to be vastly different and the analytical models do not address this.
Finally the effect of a combination of secondary and tertiary precipitates was examined. The same simulation method was used and cubes of different sizes were randomly placed and a (111) section taken. The effect of the combination, of such a bimodal distribution, followed very nearly the rule of mixtures.
The finer details of the simulation are detailed elsewhere. 7 It is sufficient to mention here that the force at each node was calculated accurately and the computation included the following; (1) the long-range forces between dislocation segments and between the two dislocations of the pair, (2) the short-range forces that arise from local curvature effects, (3) the APB drag force, (4) coherency strain from lattice mismatch between the matrix and precipitate and (5) applied stress. The forces are summed algebraically at each node and the nodes are moved as though they are particles with effective masses and damping constants. The process is repeated iteratively until all dislocation segments come to a halt or move through the entire microstructure. The smallest applied stress at which the dislocation pair percolates completely through the precipitate array is taken to be the critical resolved shear stress of the material. Repeating the entire simulation with differently positioned, but otherwise identical precipitates, gives a measure of the statistical scatter in the calculated yield stress arising from sampling (sectioning) error. For each simulation 5 different random seeds were studied. The standard deviation on the critical stress was nearly 10 MPa for a CRSS of 280 MPa.
Parametric Studies
The model uses several microstrucutral parameters as inputs. These are listed below. Of the above, the size and volume fraction of the precipitates are usually available in the form of mean values. Distributions are not available. The coherency strain is reported in the literature to be near 0.15% from room temperature up to 1500 F in superalloys. 8 The mixed dislocation was always found to be more resistant to motion and hence used for all the results presented in this work. The friction stresses in the matrix and precipitate are generally unknown, although a formalism is shown and used in the spreadsheet model (section 4.4).
The parameters listed above were varied one at a time, and the effect on the percolation stress calculated. The results are shown in Figures 3 and 4 . The lines in these plots are the curves as given by the analytical expressions that were obtained by curve fitting to the simulation results. The error bars refer to one standard deviation of the scatter obtained from different seeds for the random number generator of the simulation code. The expressions were then linked heuristically in such a way as to be consistent with the results of the numerical simulations. The resulting model corresponded with the values shown in Fig.3 and 4 within 5%. The CRSS thus computed is then used to calculate the yield strength, y , of a polycrystal using the Taylor factor, M and Hall-Petch coefficients, k, for the ( + ') grains and the 'grains. CRSS = f ( expressions 1, 2, 3, 4, 5) … (6)
In equation 7, f, k and d refer to volume fraction, Hall-Petch constant and grain size respectively, with the subscripts referring to the type of grain. Figure 4 : Results of a parametric study conducted using the discrete dislocation model showing the effects of precipitate volume fraction, precipitate size and friction stresses. The solid lines are the curve-fits using the analytical expressions given in section 4.3
Matrix and Precipitate Friction Stresses
The ideas for expressing the effect of chemistry on the friction stresses were borrowed from Roth et al. 9 and Kozar et al. 10 The work of Roth has consolidated the literature data available on the solution strengthening effect in nickel along with a semi-empirical model that describes the effects through a list of parameters. These parameters were used directly. To obtain the effect of temperature, the data summarized by Roth et al. and those of Clement et al. 11, 12 and Nitz et al. 13 were used to derive a semi-empirical relation between chemistry, temperature and friction stress. The form used for the friction stress is given by the following equation (ref. Kozar et al. 10 , Roth et al. 9 ).
Here o ( ) is the friction stress of pure Ni, C solute, refers to the concentration of solute in the matrix, . The fit of the equation 8 to the data in the literature is shown in Figure 5 . The effect of solute and temperature on the friction stress of ' was modeled as follows (ref. Kozar et al. 10 ). Here o ( ') is the friction stress of binary Ni 3 Al, C solute, ' refers to the concentration of solute in the matrix, '. The parameters were same as in ref. 10 . Again, the fit of equation (9) to the data in literature is shown in Figure 6 . [14] [15] [16] [17] [18] Note that the orientation dependence (Schmid factor violation) is not included in the model.
Temperature Dependence of APB Energy
The APB energy of the ' phase is one of the key parameters of the model as seen from Figure 3 . Unfortunately it is also among the least well known parameters. However, the value of the APB energy can be bounded from data available in the literature to be between 150 and 350 mJ/m 2 . [19] [20] [21] Further, APB energy is also known to be a function of chemistry. 20, 22, 23 The actual value and the chemical dependence are beyond the scope of this work and they may remain uncertain for several more years to come. Meanwhile, the APB energy shall remain a fit parameter, although it is restricted to be within the range mentioned above. Independent of the above uncertainty, it appears that a reasonable estimate of its temperature dependence can be inferred from two sources of literature work. 24, 25 One of them is expereimental 25 while the other is theoretical. 24 Due to the importance of this variation, we have attempted to derive a temperature dependence for APB energy based on this literature information. The formalism that best fits the information is as follows.
The literature data is shown compared with Eqn 10 in Figure 7 . 20 The issue is further complicated by the fact that the superalloys of interest here contain a mixture of two different types of grains. Clearly, it makes sense to assume that both and ( + ') grains share a single value. Thus in this work, there was only one parameter that was used and it was considered as a fit parameter, but well within the known bounds. The Taylor factor was taken to be 3, which is a fairly well established value for polycrystalline fcc metals and alloys. 26, 27 
Predictions of the Spreadsheet Model
The model was written as a spreadsheet using Microsoft Excel. The input parameters are specified in a single worksheet, while the other worksheets are used to compute the various parameters and predict the yield strength as a function of temperature. The input parameters included composition of the two phases in addition to the microstructural parameters. For all the alloys the Hall-Petch constants for both the ( + ') grains and primary ' grains were held constant at 450 MPa-m 1/2 and the coherency strain was taken to be 0.1%. The APB energy was the only fit parameter.
Nimonic 105
The data of Nitz and Nembach 13 is of particular value since they had measured the friction stresses of the , and ' separately and measured the CRSS of single crystal of superalloy composition (Nimonic 105) with a microstructure consisting of The variation of APB energy with temperature is modeled using a simple exponential law that was fit to data in the literature (Ref. 24, 25) and ' of the same compositions. They had measured all of these as a function of temperature. This data set is thus an ideal set to validate the model. A comparison of the model with the data is presented in Figure 8 . Note that the model does not capture the orientation dependence, since the orientation dependence of the friction stress of ' is not included in model.
The only fit parameter, as mentioned earlier, is the APB energy ( o ) and the predictions are for a value of 260 mJ/m 2 . In a more recent work co-authored by Nembach 21 , an APB energy of 260(+20, -40) mJ/m 2 has been reported for the ' in Nimonic 105. The model is found to predict results for this alloy reasonably well.
Binary Model Superalloy (Ni-15Al)
A binary alloy of Nickel and Aluminum, Ni-15Al, has been reported on in the literature. 28 This is of interest since the system has no alloying elements. The ' was taken to be of composition Ni-25Al. The literature has both microstructural and mechanical property data for this alloy. The model predictions are compared in Figure 9 . With a reasonable choice of APB energy (195 mJ/m 2 ), the data and model agree quite well. APB energies of 160 to 220 mJ/m 2 have been reported for unalloyed Ni 3 Al in the literature. 19, 20, 22, 23 
Superalloy ME3
Another class of superalloys for which both microstructural values and mechanical property data are available in the literature is the newer class of disk alloys, termed ME3. 29 Compositions of the individual phases were not available; they were estimated using partitioning ratios. The data and model predictions are shown compared for two different heat-treated conditions in Figure 10 . The APB energy needed for the fit was 320 mJ/m 2 , higher than that for Nimonic 105 alloys. The reason for the higher value of APB energy is not clear; note that the model uses APB energy as the only fit parameter; using higher matrix friction stress might have given an equivalent fit. From  Fig.10 , it is seen that the model captures the heat treatment effects well.
IN100 and René88 Alloys
Data on current industrial superalloys IN100 and René88 were obtained from the manufacturers, Pratt & Whitney and General Electric respectively. Both mechanical test data and microstructural information, including phase compositions were made available.
For the IN100 alloys, several alloys with varying heat treatments and compositional modifications were made available (Courtesy : J.Schirra, P&W). A value of 260 60 mJ/m 2 was measured by Dimiduk on IN100 superalloy. 30 For a single choice of APB energy of 260 mJ/m 2 for all the alloys, the predictions are shown compared with the data in Figure 11 ; the correspondence is seen to be reasonable. Predictions for some alloys, which were prepared as experimental alloys and which deviated significantly from the industrial standard in both microstructure and properties, were found to be predicted with less accuracy. It is believed that precipitate morphology could explain these differences.
For the René88 alloys, heat-to-heat variability in microstructures and corresponding yield data were made available (courtesy : D.Backman, GE). In addition data on two experimental alloys with compositions nominally the same as René88 but with very different heat treatments (cooling rates) were made available. Again, good correspondence was obtained for all these alloys, with a value of 260 mJ/m 2 for the APB energy (see Figure 12 ).
Limitations of this Work
While the spreadsheet model is fast and predicts yield strength for a variety of superalloys reasonably well, it is worth taking stock of the assumptions and limitations of this work.
The first limitation of this work is the assumption of cuboidal shape for the precipitates. More recent work with the discrete dislocation model has shown variations of up to 10% with the shape of the precipitates from cubes to spheres. Second, although the 2D section provided a range of sizes for the dislocation percolation simulation, the precipitate simulation procedure used cubes of a uniform size.
The effect of distributions in size in 3D will likely be the focus of future work. Third, the current model was not designed to predict the effect of different orientations of single crystals. Finally, the spreadsheet model was fit to a limited range of parameters investigated; validity of the model beyond this range is unknown. Better models might be possible than the one generated and used here; no optimization was attempted. These are limitations as far as prediction of the CRSS is concerned.
In extending the CRSS values to polycrystalline yield strength and in predicting temperature dependences, further assumptions and limitations are to be pointed out.
The distribution in size of grains was ignored and a simple Taylor factor was used to account for the polycrystal. Clearly more detailed models that consider distributions in size and misorientations will be more accurate. Second, it is not clear if the anomalous increase in friction stress of bulk ' alloys will be experienced by the dislocations in the small (0.1 micron) ' precipitates. Third the variation of APB energy with temperature is not well known and the information in the literature is scant. Fourth, the variation of precipitate size and/or volume fraction with temperature was neglected. Finally, the effect of chemistry on the APB energy will be an important factor that will need to be determined experimentally or through first principles calculations to much higher level of precision than is available today.
Summary
A model that retains the physics and/or mechanistic principles but enables fast calculations of the yield strength of superalloys was developed. A fast spreadsheet model has been derived for possible use in design with alloys. The model uses microstructural parameters as input and predicts the yield strength as a function of temperature. The predictions are reasonable for a wide range of superalloys and shows considerable promise.
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